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Abstract 

The present work concerns Andre permutations of the second kind 
which are associated to strictly binary increasing tree. In particular we 
focus on their sub-permutations finding a bivariate generating function 
which provide their enumeration with respect to the size and to the 
number of left to right minima. 

1 Introduction 

The aim of this paper is to link three main concepts. The first is the one 
of Andre permutations of the second kind which have been introduced 
in [5] as permutations related to binary increasing trees. The second is 
the one of strictly binary increasing trees which have been considered 
for example in ^ and the third is the one of sub-permutations. This 
last tool has been used to define class of permutations such as sim- 
sun permutations, see 0] and the related references for enumerative 
properties concerning permutations belonging to this class. 

What we want to consider in this work is indeed the class of sub- 
permutations of those Andre permutations of the second kind which 
are related to strictly binary increasing trees. 

In Section 13.11 we will provide their enumerations with rispect to 
the size and in Section [3.2l we will count them with respect to the size 
and to the number of left to right minima. Moreover we will see how, 
concerning the class of permutations we will consider, the set of left 
to right minima corresponds to a particular path of the corresponding 
binary increasing trees. 
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Figure 1: The five trees in B^. 



2 Definitions 

The set of permutations of size n will be denoted by 5„. If vr = 
(7ri7r2...7r„) G 5„ the set of its left to right minima is denoted by L['k) 
and its elements are those entries tt^ such that if j < i, then tt^ < tTj. 

A binary increasing tree is a rooted (non planar) tree such that its 
nodes have outdegree 0, 1 or 2; nodes with outdegree are also called 
the leaves of the tree. Moreover, for such a tree we require that the 
set of nodes is totally ordered by labels in such a way going from the 
root to any leaf we always find an increasing sequence of numbers. 
In particular, if x and y are two nodes of such a tree, we will write 
X ^ y when the label of x is less than the label of y. The set of binary 
increasing trees will be denoted by B while we will use the symbol Bn 
to denote the subset of B made of those trees with n nodes. 

According to [5] a tree in B can be drawn in the plane in a unique 
way respecting the following two conditions al) and a2): 

al) if a node has only one child then this child is drawn on the right 
of its direct ancestor, 

a2) if a node x has two children y and z with y ~< z, then y is drawn 
on the left of x while z on the right. 

In Fig. [1] we have depicted, respecting the previous two conditions, 
the trees in B4. 

In [5] the authors define the the set of Andre permutations of the 
second kind An which is a subset of iS„ equinumerous to Bn- Indeed 
consider the following procedure : — > iS„: 

1) given t G Bn draw t according to al) and a2); 

2) each leaf collapse into its direct ancestor whose label is then mod- 
ified receiving on the left the label of the left child (if any) and 
on the right the label of its right child. We obtain in this way a 
new tree whose nodes are labelled with sequences of numbers; 

3) starting from the obtained tree go to step 2). 

The algorithm (j) ends when the tree t is reduced to a single node 
whose label is then a permutation (j)(t) of size n. 
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The set An is defined as {(/)(t) G 5„ : t G Bn}. Looking at 
Fig. [T] the corresponding permutations in A4 are (from left to right) 
(3214), (1234), (2134), (1324) and (2413). 

Andre permutations, as binary increasing trees, are enumerated 
with respect to the size by the so called Euler numbers whose expo- 
nential generating function is: 

A{x) = sec(a;) + tan(x) — 1. 

The first terms of the sequence are: 1,1,2,5, 16, 61, 272, 1385, 7936, ... 
and they corresponds to entry AOOOlll in [7]. 

A tree in B which does not have nodes of outdegree 1 is said to be 
strictly binary. We will denote the set of these trees having size n by 
the symbol Bn- Similarly, the subset of ^„ made of those permutations 
corresponding to strictly binary increasing trees will be denoted by An 
and we also define A= {Ji-Ai- 

Given a permutation tt £ iS„ a sub-permutation of tt is a permu- 
tation obtained from tt by considering only the entries 1, 2, fc with 
1 < k < n. If CT is a sub-permutation of tt we will write cr < tt. 
Sub-permutations are used in the literature to define classes of permu- 
tations. As an example we can consider the so called simsun permuta- 
tions, studied for example in [3]. A permutation is said to be simsun 
if each sub-permutation has no double descent. 

Now we are ready to define the object of our work. In what follows 
we will study the sets 

suhn{A) = {(7 £ Sn :3t: ^ A o <] tt}, 
sub[A) = y^subi{A). 

i 

We want to observe that in general subn{A) ^ An- Indeed we have 
that 3241 < 32415 e A but 3241 ^ Ai- 

Finally we define subn.yniA) which is composed by those permuta- 
tions TT in subn{A) having |-/j(vr)| = to; the cardinality of subn,m{A) 
will be found in Section [321 

3 Enumerations 

In this section we provide the enumerations of subn{A) and subn,m{-^ 
using the existing correspondance between permutations and binary 
increasing trees. In particular, in Section 13.21 we will reach our main 
result through an application of the so called ECO method formalized 
by Pinzani et al., see [2j. 
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3.1 The cardinality of sub{A)n 

The two cryteria al) and a2) given in Section [21 which were used to 
draw binary increasing trees in a unique and well defined way, are not 
the only possible. Indeed one can consider the cryterion a2) plus the 
dual version of al). To be more precise, if in a tree a node has only 
one child, then this child is drawn on the left of its direct ancestor and 
not on the right as it was in al). 

We will call those tree which are drawn respecting a2) and the new 
condition described above left oriented binary increasing tree. Given 
such a tree we can still apply the procedure (j) described in Section [51 
without considering step 1), to define a permutation which is not, in 
general, an Andre one. 

In what follows we want to show that a permutation belongs to 
subn{A) if and only if it is the permutation coming from a left oriented 
binary increasing tree of size n. As a corollary we will have also that 
\subniA)\ = \Bn\. 

Proposition 1 The following hold: 

i) If TT comes from a left oriented binary increasing tree of size n, 
then TT € subn{A). 

ii) Ifn £ subn{A), then tt comes from a left oriented binary increas- 
ing tree of size n. 

Proof. To prove i) take the left oriented tree corresponding to tt 
and, to every node with outdegree 1, add a child with label a number 
greater than n. Let t be the resulting tree. Then t £ B and 7r<l(/)(i) S A. 

To prove ii) consider that tt <i a E Am with n < m. Let t £ 
be the tree associated to a. Remove from t all the nodes labelled by a 
number k > n. The obtained tree is left oriented and a comes from t 
applying steps 2) and 3) of 0. □ 

3.2 The cardinahty of subn,miA) 

In the previous section we have shown that permutations in sub{A) 
corresponds to those permutations coming from left oriented increasing 
binary trees when we apply steps 2) and 3) of the mapping (f). Now we 
want to refine the bijection described in the proof of Proposition [1] to 
consider also the set of left to right minima of such permutations. To 
do so we need the following definition. 

Given a binary increasing tree t consider the following path: we 
start from the root of t and at each step we move to the child with 
the least label. In Fig. [2] we have depicted a tree t where such a path, 
which will be called the min-path of t, is highlighted. 
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Figure 2: The min-path of a binary increasing tree. 



Next proposition states tlie correspondance between left to right 
minima of a permutation in sub(A) and the min-path in the corre- 
sponding tree. 

Proposition 2 //tt G sub(A), then L{t:) consists of the labels belong- 
ing to the min-path of 4>~^('n). 

Proof. Fistly we observe that when a tree is left oriented then its 
min-path corresponds to the path going from the root to the leftmost 
leaf. 

Let us consider t = 4>~'^{tt), so t is a left oriented binary increasing 
tree. 

If a node x belongs to the min-path of t, then the entries of tt 
which are on the left of x correspond to the nodes belonging to the left 
subtree of x. Since t is increasing we have that x G L{t:). 

If a node x does not belong to the min-path of t, then, going from x 
to the root of t, we will find a node of outdegree 2 such that x does not 
belong to its left subtree. Let z be the left child of this node and y the 
right one. Then z ^ y < x which implies z < x. Moreover, applying 
the procedure (j), the entry z will be placed on the left of x. From this 
we have that x ^ i(vr). □ 

As an example consider the binary increasing tree depicted in Fig. [5] 
and draw it according to its left orientation. Then the associated per- 
mutation is tt = (11761095821 13414312)andL(7r) = {11,7,6,5,2,1}. 

Thanks to Propositions [T] and [2] we can obtain the enumeration of 
subn^rn{A) countiug the number of binary increasing trees with respect 
to the size and to the length of the min-path. 

3.2.1 A bivariate generating function for B 

In what follows we will present a recursive construction for binary 
increasing trees. In particular we will construct each tree belonging to 
Bn+i by adding a new node to a tree in This construction, denoted 
by 0, will then be translated into a functional equation. Solving the 
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Figure 3: First levels of the generating tree associated to 0. 

equation we will obtain a multivariate exponential generating function 
counting binary increasing trees with respect to size and to the length 
of the min-path. 

Given a tree i G B„, Q simply adds the node labelled 'n + 1' as a 
child of a node of t having outdegree less than two. More precisely, if 
o{t) (resp. p{t)) is the number of nodes with outdegree (resp. 1) in 
t, then O applied to t produces o(i) +p{t) elements of Bn+i each time 
adding the new node labelled n + 1 as a child of the nodes counted in 
o{t) + p{t). In Fig. [3] the first levels of the generating tree resulting 
from Q are depicted. 

Note that, if q{t) is the number of nodes with outdegree two in a 
tree t G S„, then o(t) = q{t) + 1 and o{t) + pit) + q{t) = n. From 
these relations we have in particular that p{t) = n — 2o{t) + 1. The 
construction Q can be translated into the following succession rule (see 
[T] [2]) where each tree is represented by the values of its parameters o, I 
and n, where I represents the length of the min-path (i.e. I = \L{(j){t))\) 
while n corresponds to the size. 



In particular, given a tree t with parameters o = o{t) and n = n{t), 
the application of on i produces o new trees having size n + 1 and 
the same value for o and n — 2o + 1 new trees having both the size 
and the number of nodes with outdegree zero augmented by one. The 
starting point of the construction is the unique tree of size one which 
is represented by the label (1, 1, 1). 

Now consider the exponential generating function 



the previous succession rule can be translated as follows into an 
equation: 



(o, I, n) (o, l,n + 1)°^^ {o,l + l,n+l){o+l,l,n+l) 



n-2o+l 




6 



F{x, y, z) — xyz 

^ n+1! 

n+1! 

n + 1! 



= xyz 



+x{l-2x) J2 



ox°-^y'z''+^ 



n + 1! 

+x^;F(a;,y, 2;). 
From the previous equation we obtain that 



r~ri — 

n + 1 ! 

differentiating both sides with respect to the variable z we have 



OF OF 
F{x,y,z){l - X - y) - xy = x{l - 2x) — {x,y, z) + {xz - l) — {x,y, z). 

ox oz 

The boundary condition to the previous first order partial differen- 
tial equation is given by 

F{x,y,Q) = Q. 

One can find the desired solution applying the method of charac- 
teristics or using some of the Mathemathica tools. In the last case, 
after performing the substitution x = 1, one finds that, when n > 2 
and 2 < m < n, 



/ 2=0 
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where 



2y 



{i + e'^'Y 



H 



1 4ie' 



and H is the Gaussian hypergeometric function, see [6] for more 
details. 

The first terms of |su6„.„j(^)| are given by the following table. 
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20 


25 


10 


1 
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16 


70 


105 


65 


15 


1 











8 


61 


287 


490 


385 


140 


21 


1 








9 


272 


1356 


2548 


2345 


1120 


266 


28 


1 





10 


1385 


7248 


14698 


15204 


8715 


2772 


462 


36 


1 



4 Further works 

We would like to extend our statistics considering also left to right max- 
ima, right to left maxima and right to left minima of the permutations 
in sub{A). 
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